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Abstract
In terms of the irreducible bases of the group space of the octahedral double
group O’, an analytic formula is obtained to combine the spin states |j, µ〉 into
the symmetrical adapted bases, belonging to a given row of a given irreducible
representation of O’. This method is effective for all double point groups. However,
for the subgroups of O’, there is another way to obtain those combinations. As
an example, the correlations of spin states for the tetrahedral double group T’ are
calculated explicitly.
1
1. Introduction
It is a common problem to combine the spin states |j, µ〉 into the symmetrical adapted
bases (SAB), that are defined as the orthogonal bases belonging to the given rows of the
given irreducible representations of a point group. The SAB are very useful in classifying
the electronic states in the present of spin coupling. Especially, for the electronic states
with half-odd-integer spin, one has to deal with the double group symmetry [1].
As is well known, SU(2) group is the covering group of the rotation group SO(3),
and provides the double-valued representations of SO(3). Following the homomorphism
of SU(2) onto SO(3):
±u(nˆ, ω) −→ R(nˆ, ω). (1)
we are able to define the double point groups as follows. In the rotation group SO(3), a
rotation through 2π is equal to identity E, but it is different from identity in the SU(2)
group:
R(nˆ, 2π) = E, u(nˆ, 2π) ≡ E ′ = −1. (2)
The point group G is a subgroup of SO(3), and the double point group G′ is that of
SU(2). A point group G is extended into a double point group G′ [1] by introducing the
new element E ′, satisfying:
RE ′ = E ′R, (E ′)2 = E, R ∈ G ⊂ G′, E ′R ∈ G′. (3)
In order to distinguish R ∈ G ⊂ G′ from E ′R ∈ G′, we restrict the rotation angle ω not
larger than π:
u(nˆ, ω) −→ R(nˆ, ω) ∈ G, 0 ≤ ω ≤ π,
−u(nˆ, ω) = u(−nˆ, 2π − ω) −→ R(−nˆ, 2π − ω) = R(nˆ, ω − 2π) = E ′R(nˆ, ω).
(4)
The period of ω in SU(2) group is 4π.
Recently, the problem of combining the spin states |j, µ〉 into the SAB has drawn some
attention of physicists. A new technique [2], called the double-induced technique, was used
for calculating the irreducible bases for the tetrahedral group T’ and the combinations of
the angular momentum states. It was announced [2] that this technique will be used to
calculate the similar problems for the octahedral double group O’ and icosahedral double
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group I’. The character table and the correlation tables relevant for the icosahedral double
group I′h were presented apparently [3]. The element E
′ was denoted by R in [3] and [4],
and by θ in [2]. The double point group G′ was denoted by G† in [2].
As is well known, the character tables of double point groups are easy to be obtained
from the group theory, and the calculation for the correlation tables is straightforward.
In principle, the character table can be used to find the similarity transformation that
combines the states with a given angular momentum into the SAB. However, it becomes
a tedious task while the angular momentum increases. Fortunately, the difficulty can be
conquered by the irreducible bases in the group space.
From group theory ([4] p.106), the group space is the representation space of the
regular representation where the natural bases are the group elements. The number of
times each irreducible representation is contained in the regular representation is equal to
the dimension of the representation. Reducing the regular representation, we can obtain
the irreducible bases ψΓµν with the following property:
RψΓµν =
∑
ρ
ψΓρνD
Γ
ρµ(R), ψ
Γ
µνR =
∑
ρ
DΓνρ(R)ψ
Γ
µρ. (5)
Therefore, those irreducible bases are called the bases belonging to the µ row and the ν
column of the irreducible representation Γ.
Assume that G is a point group, which is a subgroup of the rotation group SO(3).
Applying its irreducible bases ψΓµν to the angular momentum states |j, ρ〉, we obtain the
SAB ψΓµν |j, ρ〉, if it is not vanishing, belonging to the µ row of the representation Γ of
the point group G:
RψΓµν |j, ρ〉 =
∑
λ
DΓλµ(R)ψ
Γ
λν |j, ρ〉. (6)
This method is effective for both integer and half-odd-integer angular momentum states.
In this paper we will calculate the irreducible bases in the group space of the octahedral
double group O’ (Sec. 2), and then, find a simple and unified formula (see (18) in Sec.3)
for calculating the SAB. This method is effective for all double point groups. Most double
point groups are the subgroups of O’. The SAB for a subgroup can also be obtained from
SAB of O’ by reducing the subduced representations of O’ for the subgroup. In Sec. 4 we
will demonstrate this method by taking the tetrahedral double group T’ as an example.
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The calculation for the icosahedral double group will be published elsewhere [5]. At last,
in Sec. 5 we will give some conclusions.
2. Octahedral double group
A cube is shown in Fig.1. The vertices on the upper part are labeled by Aj , 1 ≤ j ≤ 4,
and their opposite vertices by Bj. The coordinate axes point from the center O to the
centers of the faces, respectively.
Fig. 1.
The group O contains 3 four-fold axes, 4 three-fold axes, and 6 two-fold axes. The
four-fold axes are along the coordinate axes, and the rotations through π/2 around those
four-fold axes are denoted by Tx, Ty, and Tz, respectively. The three-fold axes point from
Bj to Aj (1 ≤ j ≤ 4) with the polar angle θ and azimuthal angles ϕj :
cos θ =
√
1/3, ϕj = (2j − 1)π/4, 1 ≤ j ≤ 4. (7)
The rotations through 2π/3 around those three-fold axes are denoted by Rj , 1 ≤ j ≤ 4.
The two-fold axes join the midpoints of two opposite edges, and corresponding rotations
are denoted by Sj , 1 ≤ j ≤ 6. The polar and azimuthal angles of the first 4 axes are π/4
and (j − 1)π/2, and the last two axes are located on the xy plane with the azimuthal
angles π/4 and 3π/4, respectively.
The octahedral double group O’ contains 48 elements and eight classes. There are
eight inequivant irreducible representations for O’: Five representations DA1 , DA2, DE,
DT1 , and DT2 are called single-valued ones, and three representations DE
′
1, DE
′
2, and DG
′
are double-valued ones. From a standard calculation of group theory, the character table
is obtained and listed in Table 1. The row (column) index µ runs over integer (in a
single-valued representation) or half-odd-integer (in a double-valued one). The order of
the row index µ are also listed in Table 1.
Table 1
4
The octahedral double group O′h is the direct product of O’ and the inversion group
{E, P}, where P is the inversion operator. According to the parity, the irreducible rep-
resentations of O′h are denoted as Γg (even) and Γu (odd), respectively. In this paper we
will pay more attention to the double group O’.
The rank of the double group O’ is three. We choose E ′, Tz, and S1 as the generators
of O’. The representation matrix of E ′ is equal to the unit matrix 1 in a single-valued
irreducible representation and −1 in a double-valued one. It is convenient to choose the
bases in an irreducible representations of O’ such that the representation matrices of the
generator Tz are diagonal with the diagonal elements η
µ, where η = exp{−iπ/2}. Assume
that the bases Φµν in the O’ group space are the eigenstates of left-action and right-action
of Tz:
Tz Φµν = η
µΦµν , Φµν Tz = η
νΦµν , (8)
The bases Φµν can be easily calculated by the projection operator Pµ (see p.113 in [4]):
Φµν = c Pµ R Pν , Pµ =
E + η−4µE ′
8
3∑
a=0
η−µa T az , (9)
where c is a normalization factor. The choice of the group element R in (9) will not
affect the results except for the factor c. The subscripts µ and ν should be integer or
half-odd-integer, simultaneously. In the following we choose E, T 2x and S1 as the group
element R in (9), respectively, and obtain three independent sets of bases Φ(i)µν :
Φ(1)µµ =
E + η−4µE ′
2
√
2
3∑
a=0
η−µa T az
Φ
(2)
µµ =
E + η−4µE ′
2
√
2
3∑
a=0
η−µa T az T
2
x
=
E + η−4µE ′
2
√
2
(
T 2x + η
−µS5 + η
−2µT 2y + η
−3µS6
)
,
Φ(3)µν =
E + η−4µE ′
4
√
2
3∑
a=0
η−µa T az S1
3∑
b=0
η−νb T bz
=
E + η−4µE ′
4
√
2
{(
S1 + η
−µR21 + η
−2µT 3y + η
µR4
)
+ η(µ−ν) (S4 + η−µR24 + η
−2µT 3x + η
µR3)
+ η2(µ−ν) (S3 + η−µR23 + η
2µTy + η
µR2)
+ η3(µ−ν) (S2 + η−µR22 + η
2µTx + η
µR1)
}
.
(10)
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where and hereafter the subscript µ denotes −µ. Those bases Φ(i)µν should be combined
into the irreducible bases ψΓµν belonging to the given irreducible representation Γ. The
combinations can be determined from the condition that the irreducible bases should be
the eigenstate of a class operatorW , which was called CSCO-III in [2]. The eigenvalues αΓ
can be calculated (see (3-170) in [4]) from the characters in the irreducible representations
Γ listed in Table 1:
W = Tx + Ty + Tz + E
′T 3x + E
′T 3y + E
′T 3z , W ψ
Γ
µν = ψ
Γ
µν W = αΓ ψ
Γ
µν ,
αA1 = 6, αA2 = −6, αE = 0, αT1 = 2,
αT2 = −2, αE′1 = 3
√
2, αE′
2
= −3√2, αG′ = 0.
(11)
Although a coincidence occurs, αE = αG′ , this coincidence will not constitute an obstacle
against calculation, because DE is a single-valued representation, but DG
′
is a double-
valued one.
Now we are able to calculate the matrix form of W in the bases Φ(i)µν , and diagonalize
it. ψΓµν are just the eigenvectors of the matrix form of W :
ψΓµν = N
−1/2
3∑
i=1
Ci Φ
(i)
µν , (12)
where N is the normalization factor.
In these irreducible bases the representation matrices of E ′ and Tz are diagonal with
the diagonal elements ±1 and ηµ, respectively. But the explicit matrix forms of another
generator S1 will depend upon the phases of the bases ψ
Γ
µν . We choose the phases such
that S1 has the following representation matrices:
DA1(S1) = −DA2(S1) = 1, DE(S1) = 1
2


1
√
3
√
3 −1

 ,
6
DT1(S1) = −DT2(S1) = 1
2


−1 −√2 −1
−√2 0 √2
−1 √2 −1


,
DE
′
1(S1) =
i√
2


−1 −1
−1 1

 , DE′2(S1) =
i√
2


−1 1
1 1

 ,
DG
′
(S1) =
i
2
√
2


1
√
3
√
3 1
√
3 1 −1 −√3
√
3 −1 −1 √3
1 −√3 √3 −1


.
(13)
Some representations coincide with the subduced representations of Dj of SO(3):
DA1(R) = D0(R), DT1(R) = D1(R),
DE
′
1(R) = D1/2(R), DG
′
(R) = D3/2(R),
R ∈ O′. (14)
The normalization factors N and combination coefficients Ci in the irreducible bases
(12) are listed in Table 2.
Table 2
Now, the irreducible bases ψΓµν satisfy (5). The irreducible bases of the group O
′
h can
be expressed as follows:
ψΓgµν = 2
−1/2 (E + P )ψΓµν , ψ
Γu
µν = 2
−1/2 (E − P )ψΓµν . (15)
3. Applications to the angular momentum states
Due to the properties (5), we can obtain the SAB by applying ψΓµν to any function.
As an important application, we apply ψΓµν to the angular momentum states |j, µ〉, where
the Condon-Shortley definition is used:
R |j, µ〉 =
j∑
ν=−j
Djνµ(R) |j, ν〉, R ∈ SO(3) or SU(2). (16)
When j is an integer ℓ, |ℓ,m〉 is just the spherical harmonics Y ℓm(θ, ϕ).
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From (16) and the definitions of the group elements we have:
E ′ |j, µ〉 = (−1)2j |j, µ〉, Tz |j, µ〉 = ηµ |j, µ〉,
T 2x |j, µ〉 =
∑
ν
Djνµ(0, π, π) |j, ν〉 = (−1)j−µη2µ |j,−µ〉,
S1 |j, µ〉 =
∑
ν
Djνµ(0, π/2, π) |j, ν〉 =
∑
ν
η2µdjνµ(π/2) |j, ν〉.
(17)
Now, it is easy to obtain the combinations of the angular momentum states ψΓµλ |j, ρ〉
into SAB of O’:
ψΓµλ |j, ρ〉 =
√
8/Nδ′λρ
∑
ν
δ′µν |j, ν〉
{
C1δρν + C2δρν(−1)j−ρη2ρ + 2C3η2ρdjνρ(π/2)
}
. (18)
where N and Ci were given in Table 2, η = exp{−iπ/2}, and δ′λρ is defined as follows:
δ′λρ =


1 when (λ− ρ)/n = integer
0 otherwise.
(19)
where n = 4 for O’ due to η4 = 1. In driving (18) some terms were merged so that the
functions need be normalized again.
(18) is a simple and unified formula for calculating the correlations of the spin states.
For the fixed λ and ρ, satisfying δ′λρ = 1, we obtain the combinations of the angular
momentum states ψΓµλ |j, ρ〉, belonging to the µ row of the irreducible representation Γ
of O’. Different choice of λ and ρ may cause the combinations vanishing, dependent on
each other, or independent. The number of independent combinations depends upon the
number of times that the irreducible representation Γ of O’ is contained in the subduced
representation of Dj of SU(2). The latter is completely determined by the characters of
the representations Γ and Dj.
Those combinations given in (18) are very easy to be calculated, by a simple computer
file or even by hand. In the following we list some combinations as examples.
ψA00 |0, 0〉 = 4
√
3 |0, 0〉, ψT1µ1 |1, 1〉 = 4 |1, µ〉.
ψE22 |2, 2〉 = 2
√
3
(√
1/2 |2, 2〉+
√
1/2 |2,−2〉
)
,
ψE02 |2, 2〉 = 2
√
3 |2, 0〉,
ψT232 |2, 2〉 = 2
√
2 |2,−1〉,
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ψT222 |2, 2〉 = 2
√
2
(√
1/2 |2, 2〉 −
√
1/2 |2,−2〉
)
,
ψT212 |2, 2〉 = 2
√
2 (−|2, 1〉) .
ψA222 |3, 2〉 = 2
√
6
(√
1/2 |3, 2〉 −
√
1/2 |3,−2〉
)
,
ψT1
11
|3, 3〉 = √10
(√
3/8 |3, 1〉+
√
5/8 |3,−3〉
)
,
ψT1
01
|3, 3〉 = √10 (−|3, 0〉) ,
ψT1
1 1
|3, 3〉 = √10
(√
5/8 |3, 3〉+
√
3/8 |3,−1〉
)
,
ψT2
31
|3, 3〉 = −√6
(
−
√
3/8 |3, 3〉+
√
5/8 |3,−1〉
)
,
ψT2
21
|3, 3〉 = −√6
(√
1/2 |3, 2〉+
√
1/2 |3,−2〉
)
,
ψT2
11
|3, 3〉 = −√6
(√
5/8 |3, 1〉 −
√
3/8 |3,−3〉
)
.
ψ
E′
1
µ(1/2) |1/2, 1/2〉 = i2
√
6 |1/2, µ〉, ψG′µ(3/2) |3/2, 3/2〉 = i2
√
3 |3/2, µ〉.
ψ
E′
2
(3/2) (3/2)
|5/2, 5/2〉 = i2
(
−
√
5/6 |5/2, 3/2〉+
√
1/6 |5/2,−5/2〉
)
,
ψ
E′
2
(3/2) (3/2)
|5/2, 5/2〉 = i2
(√
1/6 |5/2, 5/2〉 −
√
5/6 |5/2,−3/2〉
)
,
ψG
′
(3/2) (3/2)
|5/2, 5/2〉 = i√10
(
−
√
1/6 |5/2, 3/2〉 −
√
5/6 |5/2,−5/2〉
)
,
ψG
′
(1/2) (3/2)
|5/2, 5/2〉 = i√10 |5/2, 1/2〉,
ψG
′
(1/2) (3/2)
|5/2, 5/2〉 = i√10 (−|5/2,−1/2〉) ,
ψG
′
(3/2) (3/2)
|5/2, 5/2〉 = i√10
(√
5/6 |5/2, 5/2〉+
√
1/6 |5/2,−3/2〉
)
.
4. Tetrahedral double group
The tetrahedral double group T’ is a subgroup of O’ with the generators E ′, T 2z , and
R1:
R1 = E
′S1T
3
z = S1T
−1
z . (20)
In the irreducible bases we choose, the representation matrices of E ′ and T 2z are diagonal
with the diagonal elements ±1 and η2µ, respectively, and the representation matrices of
R1 are as follows:
DA0(R1) = 1, D
A+(R1) = ω = exp{−i2π/3}, DA−(R1) = ω = exp{i2π/3},
DT (R1) =
1
2


−i −√2 i
−i√2 0 −i√2
−i √2 i


, DE
′
0(R1) =
τ√
2


1 −i
1 i

 ,
DE
′
+(R1) = ωD
E′
0(R1), D
E′
−(R1) = ωD
E′
0(R1).
(21)
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where τ = exp{−iπ/4}. The character table of T’ is given in Table 3.
Table 3
Generally speaking, an irreducible representation ofO’ is a reducible one as a subduced
representation of T’. Through the following similarity transformation, the SAB of O’ can
be further combined into the SAB of T’:
DA1(R), DA2(R) −→ DA0(R),
X−11 D
E(R)X1 −→ DA+(R)⊕DA−(R),
DT1(R), DT2(R) −→ DT (R),
DE
′
1(R), X−12 D
E′
2(R)X2 −→ DE′0(R),
X−13 D
G′(R)X3 −→ DE′+(R)⊕DE′−(R),
X1 =
1√
2


1 1
−i i

 , X2 =


0 1
1 0

 ,
X3 =
1√
2


0 1 0 1
i 0 −i 0
0 −i 0 i
−1 0 −1 0


.
(22)
For example,
ψ
′A+
00 |2, 2〉 =
{
ψE22 |2, 2〉 − iψE02 |2, 2〉
}
/
√
2
∼
{
|2, 2〉 − i√2|2, 0〉+ |2,−2〉
}
/2,
ψ
′A−
00 |2, 2〉 =
{
ψE22 |2, 2〉+ iψE02 |2, 2〉
}
/
√
2
∼
{
|2, 2〉+ i√2|2, 0〉+ |2,−2〉
}
/2,
ψ
′T
10 |2, 2〉 = ψT232 |2, 2〉 ∼ |2,−1〉,
ψ
′T
00 |2, 2〉 = ψT222 |2, 2〉 ∼ {|2, 2〉 − |2,−2〉} /
√
2,
ψ
′T
10
|2, 2〉 = ψT212 |2, 2〉 ∼ −|2, 1〉.
(23)
As an alternative method, (23) can also be obtained from the irreducible bases of the
group space of T’. Similar to (9) and (10), we calculate the bases Φ
′(i)
µν by the projection
operator P ′µ:
Φ′µν = c P
′
µ R P
′
ν , P
′
µ =
1
4
(
E + η−4µE ′
) (
E + η−2µT 2z
)
. (24)
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We choose E, T 2x , R1, and R
2
1 as the group element R in (24), respectively, and obtain
four independent sets of bases Φ
′(i)
µν :
Φ
′(1)
µµ =
E + η4µE ′
2
(
E + η−2µT 2z
)
,
Φ
′(2)
µµ =
E + η4µE ′
2
(
T 2x + η
−2µT 2y
)
,
Φ
′(3)
µν =
E + η4µE ′
2
√
2
(
R1 + η
−2µR22 + η
2(µ−ν)R3 + η
−2νR24
)
,
Φ
′(4)
µν =
E + η4µE ′
2
√
2
(
R21 + η
2µR4 + η
2(µ−ν)R23 + η
2νR2
)
.
(25)
The class operator W ′ is used to determine the irreducible bases ψ
′Γ
µν :
W ′ = R1 +R3 + E ′R21 + E
′R23, W
′ ψ
′Γ
µν = ψ
′Γ
µν W
′ = βΓ ψ
′Γ
µν ,
βA0 = 4, βA+ = 4ω, βA− = 4ω, βT = 0,
βE′
0
= 2, βE′
+
= 2ω, βE′
−
= 2ω.
(26)
ψ
′Γ
µν are the eigenvectors of the matrix form of W
′ in the bases Φ
′(i)
µν :
ψ
′Γ
µν = N
−1/2
4∑
i=1
Ci Φ
′Γ
µν , (27)
where the normalization factor N and the combination coefficients Ci are listed in Table
4.
Table 4
Recall the Eulerian angles of the relevant rotations:
T 2x = R(0, π, π), R1 = R(0, π/2, π/2), R
2
1 = R(π/2, π/2, π). (28)
Now, applying the irreducible bases ψ
′Γ
µν to the angular momentum states |j, µ〉, we obtain
the SAB for T’:
ψ
′Γ
µλ |j, ρ〉 =
√
4/Nδ′λρ
∑
ν
δ′µν |j, ν〉
{
C1δρν + C2δρν(−1)j−ρη2ρ
+
√
2C3η
ρdjνρ(π/2) +
√
2C4η
ν+2ρdjνρ(π/2)
}
.
(29)
where δ′λρ is defined in (19) with n = 2.
It is very easy to calculate from (29) the combinations of the angular momentum states
|j, µ〉 into the SAB of T’. In the following we list some examples:
ψ
′A0
00 |0, 0〉 = 2
√
6 |0, 0〉, ψ′Tµ1 |1, 1〉 = 2
√
2 |1, µ〉.
11
ψ
′A+
00 |2, 2〉 =
√
6
(
(1/2) |2, 2〉 − i
√
1/2 |2, 0〉+ (1/2) |2,−2〉
)
,
ψ
′A−
00 |2, 2〉 =
√
6
(
(1/2) |2, 2〉+ i
√
1/2 |2, 0〉+ (1/2) |2,−2〉
)
,
ψ
′T
10 |2, 2〉 = 2 |2,−1〉,
ψ
′T
00 |2, 2〉 = 2
(√
1/2 |2, 2〉 −
√
1/2 |2,−2〉
)
,
ψT
10
|2, 2〉 = 2 (−|2, 1〉) .
ψA000 |3, 2〉 = 2
√
3
(√
1/2 |3, 2〉 −
√
1/2 |3,−2〉
)
,
ψT11 |3, 3〉 = −
√
3
(
−
√
3/8 |3, 3〉+
√
5/8 |3,−1〉
)
,
ψT01 |3, 3〉 = −
√
3
(√
1/2 |3, 2〉+
√
1/2 |3,−2〉
)
,
ψT
11
|3, 3〉 = −√3
(√
5/8 |3, 1〉 −
√
3/8 |3,−3〉
)
,
ψT
11
|3, 3〉 = √5
(√
3/8 |3, 1〉+
√
5/8 |3,−3〉
)
,
ψT
01
|3, 3〉 = √5 (−|3, 0〉) ,
ψT
1 1
|3, 3〉 = √5
(√
5/8 |3, 3〉+
√
3/8 |3,−1〉
)
.
ψ
E′
0
µ(1/2) |1/2, 1/2〉 = 2
√
3τ |1/2, µ〉,
ψ
E′
+
(1/2)(1/2)
|3/2, 3/2〉 = √6τ
(
i
√
1/2 |3/2, 1/2〉 −
√
1/2 |3/2,−3/2〉
)
,
ψ
E′
+
(1/2) (1/2)
|3/2, 3/2〉 = √6τ
(√
1/2 |3/2, 3/2〉 − i
√
1/2 |3/2,−1/2〉
)
,
ψ
E′
−
(1/2)(1/2)
|3/2, 3/2〉 = √6τ
(
−i
√
1/2 |3/2, 1/2〉 −
√
1/2 |3/2,−3/2〉
)
,
ψ
E′
−
(1/2) (1/2)
|3/2, 3/2〉 = √6τ
(√
1/2 |3/2, 3/2〉+ i
√
1/2 |3/2,−1/2〉
)
,
ψ
E′
0
(1/2)(1/2) |5/2, 5/2〉 =
√
2τ
(√
1/6 |5/2, 5/2〉 −
√
5/6 |5/2,−3/2〉
)
,
ψ
E′
0
(1/2)(1/2)
|5/2, 5/2〉 = √2τ
(
−
√
5/6 |5/2, 3/2〉+
√
1/6 |5/2,−5/2〉
)
,
ψ
E′
+
(1/2)(1/2) |5/2, 5/2〉 =
√
5τ
(√
5/12 |5/2, 5/2〉 − i
√
1/2 |5/2, 1/2〉
+
√
1/12 |5/2,−3/2〉
)
,
ψ
E′
+
(1/2)(1/2)
|5/2, 5/2〉 = √5τ
(√
1/12 |5/2, 3/2〉 − i
√
1/2 |5/2,−1/2〉
+
√
5/12 |5/2,−5/2〉
)
,
ψ
E′
−
(1/2)(1/2) |5/2, 5/2〉 =
√
5τ
(√
5/12 |5/2, 5/2〉+ i
√
1/2 |5/2, 1/2〉
+
√
1/12 |5/2,−3/2〉
)
,
ψ
E′
−
(1/2)(1/2)
|5/2, 5/2〉 = √5τ
(√
1/12 |5/2, 3/2〉+ i
√
1/2 |5/2,−1/2〉
+
√
5/12 |5/2,−5/2〉
)
,
It is obvious that (23) coincides with these combinations.
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5. Conclusion
The eigenstates of the Hamiltonian of a system with a given symmetry can be combined
into the symmetry adapted bases [4]. From the irreducible bases in the group space
of the symmetry group of the system, the symmetry adapted bases can be calculated
generally and simply. The combinations of the angular momentum states are important
examples for calculating the symmetry adapted bases. In this paper we calculate the
explicit form of the irreducible bases of O’ group space, and obtain a general formula
(18) for calculating the combinations of angular momentum states into the SAB of O’.
These method is effective for all double point groups. However, most double point groups
are the subgroups of O’, and the SAB of a subgroup of O’ can also be calculated by
further combining the SAB of O’. The calculation for the icosahedral double group will
be published elsewhere [5].
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Table 1 Character table of the octahedral double group O’
E 6C4 6C24 8C3 12C2 E
′ 6C3
4
8C2
3
µ
A1 1 1 1 1 1 1 1 1 0
A2 1 −1 1 1 −1 1 −1 1 2
E 2 0 2 −1 0 2 0 −1 2, 0
T1 3 1 −1 0 −1 3 1 0 1, 0, − 1
T2 3 −1 −1 0 1 3 −1 0 3, 2, 1
E′
1
2
√
2 0 1 0 −2 −√2 −1 1/2, − 1/2
E′
2
2 −√2 0 1 0 −2 √2 −1 3/2, − 3/2
G′ 4 0 0 −1 0 −4 0 1 3/2, 1/2, − 1/2, − 3/2
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Table 2 Irreducible bases in the group space of O’
ψΓµν = N
−1/2
{
C1 Φ
(1)
µν + C2 Φ
(2)
µν + C3 Φ
(3)
µν
}
.
ψA100 =
{
Φ
(1)
00 + Φ
(2)
00 + 2Φ
(3)
00
}
/
√
6,
ψA222 =
{
Φ
(1)
22 + Φ
(2)
22 − 2Φ(3)22
}
/
√
6.
Γ = E
µ ν C1 C2 C3 N µ ν C1 C2 C3 N
2 2 1 1 1 3 2 0 1 1
0 2 1 1 0 0 1 1 −1 3
Γ = T1 Γ = T2
µ ν C1 C2 C3 N µ ν C1 C2 C3 N
1 1 1 −1 2 3 3 1 1 2
0 1 −1 1 2 3 1 1
1 1 −1 −1 2 1 3 −1 1 2
1 0 −1 1 3 2 1 1
0 0 1 −1 2 2 2 1 −1 2
1 0 1 1 1 2 −1 1
1 1 −1 −1 2 3 1 −1 1 2
0 1 1 1 2 1 −1 1
1 1 1 −1 2 1 1 1 1 2
Γ = E′
1
Γ = E′
2
2µ 2ν C1 C2 C3 N 2µ 2ν C1 C2 C3 N
1 1 i −√2 3 3 3 i −√2 3
1 1 −1 −√2 3 3 3 −1 √2 3
1 1 −1 −√2 3 3 3 −1 √2 3
1 1 i
√
2 3 3 3 i
√
2 3
Γ = G′
2µ 2ν C1 C2 C3 N 2µ 2ν C1 C2 C3 N
3 3 i
√
2 1 3 3 1 1 1
1 3 1 1 1 1
√
2 −1 3
1 3 1 1 1 1 i
√
2 −1 3
3 3
√
2 1 3 3 1 1 1
3 1 1 1 3 3
√
2 1 3
1 1 i
√
2 1 3 1 3 −1 1
1 1
√
2 −1 3 1 3 1 1
3 1 1 1 3 3 i
√
2 −1 3
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Table 3 Character table of the tetrahedral double group T’
ω = (ω)−1 = exp{−i2π/3}.
E 4C3 4C23 6C2 E
′ 4C4
3
4C5
3
µ
A0 1 1 1 1 1 1 1 0
A+ 1 ω ω 1 1 ω ω 0
A− 1 ω ω 1 1 ω ω 0
T 3 0 0 −1 3 0 0 1, 0, − 1
E′
0
2 1 −1 0 −2 −1 1 1/2, − 1/2
E′
+
2 ω −ω 0 −2 −ω ω 1/2, − 1/2
E′
−
2 ω −ω 0 −2 −ω ω 1/2, − 1/2
Table 4 Irreducible bases in the group space of T’
ψ
′Γ
µν = N
−1/2
4∑
i=1
Ci Φ
′(i)
µν ,
τ = exp{−iπ/4}, ω = (ω)−1 = exp{−i2π/3}.
ψA000 =
{
Φ
(1)
00 + Φ
(2)
00 +
√
2Φ
(3)
00 +
√
2Φ
(4)
00
}
/
√
6,
ψ
A+
00 =
{
Φ
(1)
00 + Φ
(2)
00 +
√
2ωΦ
(3)
00 +
√
2ωΦ
(4)
00
}
/
√
6,
ψ
A−
00 =
{
Φ
(1)
00 + Φ
(2)
00 +
√
2ωΦ
(3)
00 +
√
2ωΦ
(4)
00
}
/
√
6,
Γ = T
µ ν C1 C2 C3 C4 N µ ν C1 C2 C3 C4 N
1 1
√
2 i −i 4 1 0 1 −i 2
0 1 i −1 2 1 1 −
√
2 −i −i 4
1 1 −√2 i i 4 0 1 i 1 2
1 0 −1 −i 2 1 1 √2 −i i 4
0 0 1 −1 2
Γ = E′
0
2µ 2ν C1 C2 C3 C4 N 2µ 2ν C1 C2 C3 C4 N
1 1 τ 1 i 3 1 1 τ 1 1 3
1 1 iτ 1 1 3 1 1 −iτ 1 i 3
Γ = E′
+
Γ = E′
−
2µ 2ν C1 C2 C3 C4 N 2µ 2ν C1 C2 C3 C4 N
1 1 τ ω iω 3 1 1 τ ω iω 3
1 1 iτ ω ω 3 1 1 iτ ω ω 3
1 1 iτ iω iω 3 1 1 iτ iω iω 3
1 1 τ −iω −ω 3 1 1 τ −iω −ω 3
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